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Abstract. The Hecke algebra of the pair (52n, ^n)> where Bn is the hyperoctahedral subgroup of S2n, was 
introduced by James in 1961. It is a natural analogue of the center of the symmetric group algebra. In 
this paper, we give a polynomiality property of its structure coefficients. Our main tool is a combinatorial 
universal algebra which projects on the Hecke algebra of (iS2n, ^n) for every n. To build it, we introduce 
new objects called partial bijections. 

I. Introduction 

The center of the symmetric group algebra of n, denoted Z(C[5„]), is a classical object in algebraic 
combinatorics. It is linearly generated by elements Zx, indexed by partitions of n, which are the sums of 
permutations of n with cycle-type A. The structure coefficients r describe the product in this algebra: 



p partition of n 



X5 



In other words, c^g counts the number of pairs of permutations {x, y) with cycle-type A and 5 such that 
X • y = 2; for a fixed permutation z with cycle-type p. It is known, see IICor75ll . that these coefficients 
also count numbers of graphs drawn on oriented surfaces with some additional conditions. One of the 
tools used to calculate these coefficients is the representation theory of the symmetric group, see UV90I 
Lemma 3.3]. In 1GS98, Theorem 2.1], Goupil and Schaeffer gave a cumbersome formula for c^^ if one 
of the partitions A, 5 and p is equal to (n). There are no formulas for c^^ in general. 

In 1958, Farahat and Higman proved the polynomiality of the coefficients c^^ in n when A, 5 and p 
are fixed partitions, completed with parts equal to 1 to get partitions of n, see IIFH591 Theorem 2.2]. This 
result is also proved by Ivanov and Kerov in IIIK99I through the introduction of partial permutations. 
This proof provides a combinatorial description of these coefficients. 

Here, we consider the Hecke algebra of the pair {S2n,^n), where Bn is the hyperoctahedral group 
(see definition in section 12.21 ). It was introduced by James in IIJam61ll and it also has a basis indexed 
by partitions of n. This algebra is a natural analogue of Z(C[5„]) for several reasons. Goulden and 
Jackson proved in [|GJ96J that its structure coefficients count graphs drawn on non-oriented surfaces. 
To get formulas for these coefficients, zonal characters are used instead of irreducible characters of the 
symmetric group, see l|Mac951 Section VII, 2]. 

In this paper we give a polynomiality property of the structure coefficients of the Hecke algebra of 
{S2n,Bn)- We prove that these coefficients can be written as the product of the number 2"n! with a 
polynomial in n. In some specific basis, this polynomial has non-negative coefficients. Our proof is 
inspired by the construction of Ivanov and Kerov in IIIK99II . However, we had to face some difficulties 
that do not appear in their work. In the proof, we introduce new combinatorial objects called partial 
bijections of n. These objects allow us to build in a combinatorial way a universal algebra which projects 
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on Hecke algebra of {S2n,Sn) for every n. It also gives us a combinatorial description of the coefficients 
of the relevant polynomials. 

A weaker version of our polynomiality result (without non-negativity of the coefficients) for the struc- 
ture coefficients of Hecke algebra of {S2n,Sn) has been established by indirect approach using Jack 
polynomials in IIDF12[ Proposition 4.4]. There is no combinatorial description in that proof. In [AC 101, 
Aker and Can considered the same question, but their article contains a mistake (the coefficient 2"n! 
does not appear in their result). 

The paper is organized as follows. In section |2l we put on all necessary definitions to describe the 
Hecke algebra of {S2n,Sn)- Then, we give our main result about its structure coefficients. We start 
section |3] by introducing partial bijections of n then we construct our universal algebra. We use this 
algebra in section |4] to prove Theorem 12. II 



2. Definitions and statement of the main result 

2.1. Partitions. Since partitions index bases of the algebras studied in this paper, we recall the main 
definitions. A partition A is a sequence of integers (Ai, A2, • • •) where Ai > A2 > • • • > 1- The Aj are 
called the parts of A and the size of A, denoted by |A|, is the sum of all its parts. If jAj = n, we say that 
A is a partition of n. We will also use the exponential notation A = 3"^3 (A) ^ where 
mj(A) is the number of parts equal to i in the partition A. If A and 6 are two partitions we define the 
union A U (5 as the following partition: 

^ y _ ^-|^»rii(A)+mi((5) 2™2{A)+m2{5) ^ms{X)+ms{5) -j 

A partition is called proper if it does not have any part equal to 1. The proper partition associated to a 
partition A is the partition A := A \ (l'^i(^)) = (2'"2(^), 3'"3(^), . . .). 

2.2. Permutations and Coset type. We will denote by [n] the set {1, . . . , n}. A permutation of n is 
a bijection between the set [n] and itself. For a permutation uj, we use the line notation wi W2 • • • <^n> 
where cj^ = The set 5„ of all permutations of n is a group for the composition called the symmetric 
group of size n. 

To each permutation uj of 2n we associate a graph r(a;) with 2n vertices located on a circle. Each 
vertex is labelled by two labels (exterior and interior). The exterior labels run through natural numbers 
from 1 to 2n around the circle. The interior label of the vertex with exterior label i is a;(i). We link 
the vertices with exterior (resp. interior) labels 2i — 1 and 2i by an exterior (resp. interior) edge. Since 
exterior and interior edges alternate, the graph r(aj) has only cycles of even lengths 2Ai > 2A2 > 2A3 > 
• • • . The coset-type of uj denoted by ct{uj) is the partition (Ai, A2, A3, . . .) of n. 

Example 2.1. The graph T{uj) associated to the permutation uj = 24931 10 5867 € S2n is drawn on 
Figure\J\ It has two cycles of length 6 and 4, so ct{uj) = (3, 2). 

For every A; > 1, we set p{k) := {2k — 1, 2k}. The hyperoctahedral group Bn is the subgroup of S2n 
of permutations uj such that, for every 1 < A; < n, there exists 1 < k' < n with uj{p{k)) = p{k'). In 
other words Bn = {(^ ^ S2n \ ct{uj) = (1")}. For example, 4312 6 5 G ^3. 

A Bn-double coset of S2n is the set BnxBn = {bxb' ; b,b' £ Bn} for some x G S2n- It is known, 
see [Mac95 , page 401], that two permutations of S2n are in the same Bn-double coset if and only if they 
have the same coset-type. Thus, if 2; G S2n has coset-type A, we have: 

BnxBn = {y G S2n such that ct{y) = A}. 
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Figure 1. The graph r(a;) from Example |2?T] 



2.3. The Hecke algebra of {S2n, ^n)- The symmetric group algebra of n denoted by C[5„] is the al- 
gebra over C linearly generated by all permutations of n. The group B„ x Bn acts on C([52n]) by the 
following action: {b, h')-x = bxh' , called the ;B„-double action. The Hecke algebra of (52n, denoted 
by £.[Bn\S2n/^n] is the sub-algebra of C[52n] of elements invariant under the ;B„-double action. Recall 
that S^-double cosets are indexed by partitions of n. Therefore, the set 

{K\{n) : A proper partition, [A| < n} 

forms a basis for C[Bn \ S2n/Bn\, where K\{n) is the sum of all permutations of S2n with coset-type 
A U l"^!'^!. So, for any two proper partitions A and 6 with size at most n, there exist complex numbers 
a1g{n) such that: 

(1) Kx{n)-Ks{n)= a^5(n)Kp(n). 

p proper partition 

2.4. Main result. We give in this paper a polynomiality property of the structure coefficients of the 
Hecke algebra of {S2n,Bn) that appear in ([T|l. More precisely, we prove the following theorem. 

Theorem 2.1. Let A, 6 and p be three proper partitions, we have: 

2^n\fi^{n) if n>|p|, 

if n < \p\ 



|A| + |<5|-|p| 

where fxs{i^) = aj{n — \p\)j is a polynomial in n with aj G 

j=0 

Example 2.2. Let us compute the structure coefficient 0(2)(2) have: 

K{2){n) = ^ w. 

ct(tj) = (2)U(l"-2) 

To find the coefficient of Kqf{n) in K(2){'n) ■ JC(2)(n), we fix a permutation with coset-type (1"), for 
example Id2n, and we look in how many ways we can obtain Id2n ci^ ci product of two elements a ■ (3 
where ct{a) = ct{/3) = (2, Thus we are looking for the number of permutations a G S2n such 

that ct{a) = ct{a^^) = (2, 1"^^). But, for any a € S2n with ct(a) = (2, 1"^^), his inverse has the 
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same coset-type. Therefore o^(2){2) ('^) number of permutations of coset-type (2, 1" which is by 
IIMac95l page 402] 



2"n! 



1^2 



2"-i(2 • (n - 2)!) 



n(n - l)2"n!. 



2.5. Major steps of the proof. The idea of the proof is to build a universal algebra Aoo over C satisfying 
the following properties: 

(1) For every n € N*, there exists a morphism of algebras On : Aoo — > C[K„ \ S2n/Sn\- 

(2) Every element x in is written in a unique way as an infinite linear combination of elements 
Tx, indexed by partitions. For any two partitions A and 6, there exist non-negative rational 



numbers b^^ such that: 



(2) 



p partition 



(3) The morphism 9n sends Tx to a multiple of Kx{n). 
To build ^oo, we introduce new combinatorial objects called partial bijections. For every n G N*, we 
construct an algebra An using the set of partial bijections of size n. The algebra Aoo is defined as the 
projective limit of this sequence (An)- 

The projection p„ : Aoo An involves coefficients which are polynomials in n. By defining the 
extension of a partial bijection of n to the set [2n], we construct a morphism from An to C[Bn\S2n/Sn]- 
Its coefficients involve the number 2"n!. It turns out that the morphism 9n is the composition of those 
two morphisms: 




C[Bn \ S2n/13n] 

The final step consists in applying the chain of morphisms in the diagram above to equation (|2]i. 

Remark. This method is based on Ivanov and Kerov's one to get the polynomiality of the structure 
coefficients of the center of the symmetric group algebra (see MIKQQP for more details). Nevertheless, 
our construction is more complicated, mainly because a partial bijection does not have a unique trivial 
extension to a given set, see Definition [ 



3. The partial bijection algebra 

In this section we define the set of partial bijections of n. With this set, we build the algebras and 
morphisms that appear in the diagram above. 

3.1. Definition. We start by defining partial bijections of n and the partial bijection algebra. Then, we 
introduce the notion of trivial extension of a partial bijection of n and we use it to build a morphism 
between the partial bijection algebra of n and the symmetric group algebra of 2n. 
For n € N*, P„ denotes the following set: 

P„ := {p{ki) U • • • U p{ki) I 1 < i < n, 1 < ki < ■ ■ ■ < ki < n}. 

For each 1 < A; < n, the number . "U, = n(n — 1) • • • (n — /c + 1) is denoted by (n)^. 
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Definition 3.1. A partial bijection of n is a triple {a,d,d') where d,d' € Pn and a : d — > d' is a 
bijection. We denote by Qn the set of all partial bijections of n. 



It should be clear that 

2 



\Qn\=Sn = Y.(l) {2k)\. 

1 — n \ / 



k=0 

A permutation a of 2n can be written as {a, [2n], [2n]), so the set S2n can be considered as a subset of 

Qn- 

For any partial bijection a, we will use the convention that a (resp. d, d)is the first (resp. second, third) 
element of the triple defining a. The same convention holds for 5, a . . . 



Observation. In the same way as in section IZ21 we can associate to each partial bijection a of n a graph 
r(a) with \d\ vertices placed on a circle. The exterior (resp. interior) labels are the elements of the set 
d (resp. d ). Since the sets d and d are in P„, we can link 2i with 2i — 1 as in the case d = d = [2n]. 
So, the definition of coset-type extends naturally to partial bijection. We denote by ct{a) or ct{a) the 
coset-type of a partial bijection a. 

Definition 3.2. Let (cr, d, d') and (a, d, d!) be two partial bijections of n. We say that {a, d, d') is a trivial 
extension of (cj, d ) if: 

d d, a\^ = a and ct{a) = ct{a) U ( 1 2 
We denote by Pa(n) the set of all trivial extensions of a in Qn- 

Lemma 3.1. Let a be a partial bijection ofn and X an element ofPn such that d Q X. The number of 
trivial extensions a such that d = X is 

(2n-|d|).(2n-|d|-2)...(2n-ldl-|X\dl + 2) = 2^(n-M)^. 

We have the same formula for the number of trivial extensions a such that d' = X. 

Proof. We proceed by induction on the size of X \d. If |^ \ (i| = 2, suppose that X\d = p{k) for 
some k G [n]. There are 2n — \d\ possible values for a{2k — 1). If cr(2A: — 1) = 2k' — 1 (resp. 2k'), we 
have a{2k) = 2k' (resp. 2k' — 1). So, the number of trivial extensions 5 such that d = X is 2n — \d\. 
We suppose that we have the result for |X \ d| < 2(r — 1). Let X be a set such that \X \d\ = 2r. We 
fix an element 2i — 1 of X \d. Trivial extensions 5 such that d = X are obtained as follows: 

• first, take all trivial extensions oi such that di = X \ p{i). Since | (X \ p{i)) \ c^l = 2(r — 1), 
the number of these trivial extensions is by induction 2^~^ [n — ^■Y)r-i- 

• second, for every trivial extension ai, take all trivial extensions a{ such that di = X. For a 
fixed ai, the number of trivial extensions ai such that di = X is, by the base case of induction, 

2n - |X \ p{i)\ = 2n- \d\ - 2r + 2. 
Every trivial extension 5 is obtained exactly once: as a trivial extension of ai, where ai is 5|^^^^^.j. 

Thus, the number of trivial extension 5 such that d = X is the product: 



r " 2)r-i ■ ^^"^ " - 2r + 2) = 2^(n - y 

This ends our induction and proves the first part of lemma. The proof of the second part (number of 
trivial extension a such that d' = X) is similar. □ 
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Consider Vn = C[Qn] the vector space with basis Qn- We want to endow it with an algebra structure. 
Let ai and 02 be two partial bijections. If di = d'2, we can compose ai and a2 and we define 01*02 = 
ai o 02 = {o'l ° (^2,d2,d'i). Otherwise, we need to extend ai and 02 to partial bijections oi and 02 
such that di = dg- Since there exist several trivial extensions of oi and 02, a natural choice is to take the 
average of the composition of all possible trivial extensions. Let E^'^ (n) be the following set: 

(™) •= {(Si ) S2) G Pai {n) X Pq,2 (^) such that di = d^ = diU d'2}- 

Elements of E'^^{n) are schematically represented on Figure |2] 

Throughout the paper, we will use the following conventions on figures that represent elements of 
some sets. 

- The data defining the set (so fixed when we go from an element of the set to another) is drawn 
using plain shapes. 

- The element of the set is drawn using dashed shapes. 
We define the product of ai and 02 as follows: 

(3) «1 * «2 := TTi^STTTTT o 5^. 



\EZl{n)\ 



By Lemma im we can see that: 

(4) \E^l{n) 



i4\dii |di\4i , Id'iL 

2 (^o— ) 



\d2\. 




Figure 2. Schematic representation of elements of E"^ (n). 



Proposition 3.2. The product * is associative. In other words, T>n is a (non-unital) algebra. 

Proof. Postponed to next section. □ 

Proposition 3.3. The following function defines a morphism of algebras: 

" ^ — — ^ • 

^ M« 2 -'■ag52„nPa(n) 

Proof. Let oi and 02 be two basis elements of C[(5„]. We refer to Figure |2] and denote 

26 = \d2\ = \d'2\,2c = \di\ = \d'i\ and 2e = 14 ndi]. We first prove that: 

(5) ^ ^ oTooS 

SlG<S2nnPQj (n) a5e'S2nnPa2(") 

= 2"-(^+^-^)(n-(6 + c-e))! ^ J] 51^. 

(5r,55)G£^^i(n) 5io55e52„nP5jo55(n) 
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We fix (51, 55) G E^'l{n) and u € S2n n Ps^oSi{n), i.e.: 

00, = 51 o ^ and ctfw) = ct(5I oJJ) u 

We look for the number of permutations oi and in S2n H (n) and S2n H -Pag l'^) such that 01002 = 
cl). In this equation, 02 determines oi. But the condition uji^ = oi o 5^ gives the values of 02 on d2 

(5^(x) = a2{x) if X G (^2 and a2(x) = ai^{u}{x)) if x G d2\d2). Thus, the number of ways to choose 
is the number of ways to extend trivially to be a permutation of 2n, which is 2^~^^^^~^\n—{b+c—e))\ 
by Lemma im This proves equation ([5]). 
Now we have: 

(6) V'n(«l)V^n(a2) = ^2n-6-c(^ - c)l(n - bV ^ J] ^ O 

^ STG52nnPai{n) S2e52,inP<:<2(n) 

(n — b — c + eV. \ - X - — 

2^ 2^ ^i°^2. 



2"-^(n - c)!(n - 6)! ^ 

(ai,a2)e£^Q2^(™) SIo53G52„nP5^o55(n) 



On the other hand: 



But 



oioa2e52nnP^o^(n) 

Thus, 

, . (n-6-c + e))! ^ ,-<r-~=::, 

(7) V^^(«i*"2) = 2n-e(^_e)!(n-6)! ^ ^E ^ _ L ^i^^^- 

(ai,a2)e£al(n) 5Io55eS2nnP5-i 055 (n) 

Comparing equations (O and dTJl, we see that for any two partial bijections ai and 02 of n, we have 
ipn{cti * 02) = ^n(ai)V'n(o2)- In Other words, tpn is a morphism of algebras. □ 

3.2. Proof of the associativity of *. Let ai, 02 and be three elements of Qn. By definition of the 
product we have: 

(8) {ai * a2) * as = j^^^^ ^ ^^^^^ ^ (?! o ^ o 5^, dg, (/i), 



(9) * (a2 * as) = E .^SSo-. E (^i o ^7^3, 4 d'l). 

l_Q!2,Q!3Jfc-C'Qf2 1"^ (aj^^Qjoaaje-BciJ^ (n) 

We consider now the following sets, indexing the double sums in the equations above: 

Xi = {((51, 55), (51^, 55)) G E^lin) X ii;|5„~(n)}, 

and 

X2 = {((55,55), (51,55^)) G K2'H X ^S?""^!^)}- 
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Using Xi, the product (ai * 02) * "3 can be written as follows: 

1 

(10) (ai * a2) * as 



E 



(cti 0CJ2 oa3,d3,d[). 



Schematically, the elements in Xi are represented on Figure |3] 




Figure 3. Schematic representation of elements in Xi. 
In the same way, using X2, the product ai * (q2 * 0:3) can be written in the following way: 
(11) ai*(a2*a3)= (5i o 5^ o 5^, d' ). 

(_(a2,a3),(a!i,a2oa3) j eX2 

Schematically, the elements in X2 are represented on Figure |4] To prove the associativity of the product. 




(72 o 0-3 



Figure 4. Schematic representation of elements of X2. 

we construct a set X and two surjective functions (pi : X — > Xi and (/)2 : X — > X2 in order to write 
both sums (equations (ITOl ) and (fTTI) ) as sums over the same set X. Let X be the set of elements 

(ei = {Ti,do,di),e2 = (T2,5i,52),e3 = (rs, 52,(^3)) e -Pai(f^) X Paiin) X Pa3(n), 
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satisfying the following properties: 

(1) 4 U C?2 C 62. 

(2) 4 Udi C 61. 

(3) S2 = d'^UT^^idiUd'^). 

The elements of this set are schematically represented on Figure |5] Note that Q is a minimality condi- 
tion. We will see in the proof of Lemma [X4l below why it is useful. 




Figure 5. Schematic representation of elements of X. 



We define the maps (pi : X — > Xi and 02 : X — > X2 as follows: 

'Ai(ei,e2,e3) = ((ei| ,€2. ), (ei o £2, £3)) , 

'A2(ei,e2,e3) = ((£2, ,,£31 , ), (e2 o £3, ei)) . 

The map 0i (resp. (/)2) forgets the dashed ellipse shape at the top (resp. bottom) of the third (resp. second) 
column of Figure [51 We denote by 2a = \ds\ = 1^31,26= \d2\ = \d2\,2c = \di\ = \d'i\,2d = 1^3 0^21 
and 2e = |(i2 fl di |. We prove the following lemma: 

Lemma 3.4. Informally, the map is well defined and surjective. For a«j e/emewf ((5i, 02), (5i o 5^, ajj)) G 
Xi, we have: 

\4>i^ (((ol, 02), (51 o S2, 55))) I = 2"-'^-^ • (n - & - c + e)(a_d_/), 
where, 2f = \{d2\ ^2) n d'.^\. 

Proof. For any (ei, €2, £3) G X, we must check that 0i((ei, €2, £3)) is in Xi. Set 

(al,a^) = (ei| ,£2, ). 

d^ud^ V-^(diud^) 

First (5i, 02) is in Pa^ (n) x (n) since (ei, £2) is in Pa^ (n) x (n). Then, the arrival domain 
of 02 and the definition domain of 5i are di U ^2. Thus, (5i, 02) is in i^^i ('^)- 

Second, it is easy to check that (ei o £2,63) is in P^joSil'^) Pasin). Then, to be in E'^^~{n), 
(ei o e2, €3) must verify the condition that 62 = d'^U T2^{di U ^2), which is given by condition ([3]). 

Thus, (pi is well defined. 
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Now, fix ((ai, 02), {ai o 02, 03)) € Xi. We will count the number of its pre-images by (/>!. To 
construct an element of (p^^ ( ((5i, 02), (5i o 02, 03)) ) , we have only to build ei, 62 and 61 since the 



other elements £3, 5o, (^2 and ^3 are determined by oi, 02, 03 and oi o 5^. First, to build 61, we must 
extend di U ^2 by adding pairs of form p{k) to obtain a set which has the same cardinality as 62 = d2U d'^ 
which is 2a + 26 + 2c — 2e — 2(i — 2/ by condition. We have U ^2 1 = 26 + 2c — 2e, so the number of 
possible ways to extend diUd2 is the number of choice of 2a + 26+2c — 2e — 2(i — 2/ — (26 + 2c — 2e) = 
2a — 2d — 2/ elements among 2n — (26 + 2c — 2e). Since our choice must respect the condition that the 
extended set is in P„, this number is: 

— (6 + c — e)^ 
a-d- f 

Once the set di U d'2 is extended, we should extend to ti (we have the definition domain Sq and the 
arrival domain 61) by sending the pairs of form p{k) to pairs with same form. The number of ways to do 
this is: 

2"-««-/ .(a-d-f)\. 

After extending (tJ to ti, we get immediately T2 because ti o T2 = oi o is given. Thus, the cardinahty 

of the set ^^^^ ^((oi, 02), (5i o 02, 03))^ is equal to: 

""'a^-d-'f '0 ■ • (« - ^ - /)! = 2'^-'-^ • (n - 6 - c + e)(,_,_;) . 

□ 

In the same way, we can prove the following lemma. 

Lemma 3.5. The map (p2 well defined and surjective. For any element ((5^,a3),(5i,52°53)) € X2, 
we have: 

I'?^2'^((("2,a3), (5i,55 oS:^))^| = 2'^~^~5 . (n - a - 6 + d)(c_e_g), 

where, 2g = [(dg \ d'2) O di\. 

We can also verify using the notations above that: 

\E^f{n)\ = 2'+'-^- ■ (n - c)(,_e) • (n - 6)(,_e), 

\EZ{n)\ = 2'^+"-"' ■ (n - 6)(,_,) • (n - a)(,_,), 

and 

\E^^~^{n)\ = s-^+^+^^d-e-s/ . _ ^ _ • (n - 

1^55055(^)1 ^ 2-+^+-'^-2e-2<, . _ „ _ 5 + d\,_,_^) ■ (n - c)(,+,_,_,_,). 

The products (ai * Q2) * 03 and ai * (^2 * 0:3) given in equations (ITOl ) and (fTTI) as sums over Xi and 
X2 can be written as sums over the set X as follows: 

(Ql*Q2)*a3= X] 22«+2b+2/-3d-3e-3/ ' ((^ " ^ " C + e)(a-d-/))^ 

(ei,e2,e3)G-'^ 

•(n - a)(f,+c-d-e-/) • ("- - C)(b-e) ■ (n - 6)(c_e) 

ei o e2 o £3, 
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and 

(12) ai*{a2*as)= 22'^+2fc+2c-3d-3e-3g ■{in-a-b + d)^,_,_g)f 

■{n - C)^a+b-d-e-g) ' {n - • {n - b)^a-d) 

ei o 62 o £3. 

For any positive integer n, we have the following easy identities: 

(n-6-C + e)(a_d_/).(n-c)(fe_e) = {n - c)^a+b-d-e-f) 

{n-a)(i,_d).{n-a-h + d)(^c-e-f) = {n - a)^h+c^d~e-f) 
{n-b)(^c_ey{n-b-c + e)(^a~d-f) = {n - b)(^a-d)-{n - a - b + d)(^c-e-f)- 
Thus, the product (ai * 02) * 03 can be written as follows: 

(13) (ai*a2)*«3= Yl 2^a+2b+2c-3d-3e-3f ' ((n - a - b + Ci)(e-e-/))' 

(ei,e2,e3)G^ 

•(n - C)(^a+b-d-e~f) ■ - a)(^h_d) ■ (n - b)t^a-d) 
ei o 62 o £3. 

In the set X, the equality IJ2I = |5i| can be written 2c+26-2e+2a-2(i-2/ = 2a+26-2d+2c-2e-25f, 
so we have f = g. Comparison ([12] ) and ([T3T l. we see that products (ai * 02) * 03 and ai * (02 * 03) are 
equal, therefore we get the associativity. 

3.3. Action of S„ x S„ on D„. In this section, we build the algebra An as the algebra of invariant 
elements by an action of S„ x S„ on P„. 

Definition 3.3. The group Bn x jB„ acts on Qn by: 

(a, 6) • {a, d, d') = {aab'^^ , b{d), a{d')), 
for any (a, b) e Bn x Bn and (cr, d, d') G Qn- 

Observation. Two partial bijections are in the same orbit if and only if they have the same coset-type. 

We can extend this action by linearity to get an action of Bn x Bn on 

Lemma 3.6. For any three permutations a, b and c ofBn and for any partial bijections ai, 02 ofn, the 
set E^'^ (n) is in bijection with -El^'^j*"^ (n). 

Proof. We can check easily that the two following functions: 



(fe,c)»02 
[a,b)»ai 



n] 



(01,02) ^ ((a, 5) •01,(6, c) •02) ' 
and 

* : ^f''''|'"'(n) ^ E<^^{n) 

(/3i,/32) ^ ((a-i,6-i)./3i,(ri,c-i)./32) 
are well defined. Besides, they are inverse from each other: 

^'(g((5I,55))) = ^'(((a,6) •5I,(6,c) .5$ 



(a -'^,6 -'^) • (a, 6) • oi, (6 ^)«(6, c)«a2 
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and, similarly, 

e(*(^i,/32)) = (/3i,/32). 
Thus 6 defines a bijection between E^'^ (n) and ^[^'5)*"^ (n) with inverse □ 

It follows from this lemma that the action • is compatible with the product of Qn- Namely, we can 
prove the following corollary. 

Corollary 3.7. For any (a, b, c) G Bf^ and for any partial bijections ai, 02 of n, we have: 
(14) (a, c) • (ai * 02) = ((a, ^) • "i) * ((^, c) • a2). 

Proof. If (oi, 02) G -E^? we have: 

((0,6) •51) o ((6, c) •5^) = (aoi6~"^,6((ii),a((i']^)) o (6o^c"\c(d2),6(£i2)) 

= (aaIcT5c"\c(d2),aK)) 

= (a, c) • (SI o 5^). 

Then, we can write: 

(a, c) • (ai * 02) = .^J. X] (a, c) • (51 o 5^) 

(ai,a2)G-E„f (n) 

X] ((a, 6) •SI) o ((6, c) •5^) 



(ai,a2)e-E„j'(n) 



,(6,cW.„^, E (a,6)^aio(6,c)^a2 

'(a,6)»ai 

= ((a,6) • ai) * ((6,c) • 02)). 



□ 



We consider the set An of invariant elements by the action of Bn x Bn on X>„: 
^ = p^nxSn = {x G P„ I (a, 6) • x = X for any (a, 6) G x 

Proposition 3.8. The set An is an algebra with basis the elements {S\^n)\x\<n' where S\^n = Q^- 

aeQn,ct{a)=>i 

Proof. For every (a, 6) G H„ x and for every x, y G Ai> we have by linearity: 

(a, 6) • (x * y) = ((a, id) • x) * ((zd, h) •y) = x *y. 

So ,4n is an algebra. 

n 

Any element x G writes x = ^ ^ ^ c^^ ^ (cr, cZ, d ). If, furthermore x is in An, then 

\d\ = \d'\=2k bijection 

for every (a, 6) G ;Bn x ■Sn we have: 

n n 

5Z 5Z 5Z C(^,<i,<i')(«^^"^K^^)'«('^')) = 1^ 

'==1 d.d'ePn o-:d->d' '==1 d,d' gP„ CT:d->d' 

|d| = |d'|=2fc Wjection |d| = |d'|=2fc Wj^ction 
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Thus, for any (a, 6) e Bn ^ Bn, we have C(„^ft_i ,,(^) = C{^a44'y This means that if x G An, all 
partial permutations in the same orbit - that is with the same coset-type - have the same coefficients. 
Therefore, the elements {S\^n)\\\<n form a basis of An- □ 

Corollary 3.9. If \ and 6 are two partitions such that |A|, <n, there exist unique constants c^^{n) G 
C such that: 

<Sx,n*<S5,n= ^ c1gin)Sp^n- 

p partition 

max (lAl,|i|)<|pl<min (|A| + |(5|,n) 

Proof. We only have to prove the inequalities on the size of p. Let ai and 02 be two partial bijections 
of n with coset-type A and 5. By definition (see Figure |2ll, every partial bijection of n that appears in the 
sum of the product ai * 02 has some coset-type p with \p\ = \^2-^A_ But 

max { . ^) = max(|A|, H|) < |,| = < ^^M! = |A| + □ 

Lemma 3.10. Let Xbe a partition such that \X\ = r < n, we have: 

^"^'^^■"^ = 2-|A|(^_|;,|), (l;(A)') ^a(-)- 
Proof. We first prove the following equation: 

Fix a permutation uj € K-^{n), that is (x) G S2n and ct{ijj) = A U We are looking for the number 

of partial bijections a G A\^n such that uj is one of its trivial extensions. We denote by supp(u;) the 
set supp(u;) C d such that ct(cL!|^^^^^^^) = A. The following condition is necessary so that is a trivial 
extension of a: a\ , , must be equal to wi , Thus the partial biiections a we are looking for are 
the restrictions of u to sets supp((^) U x, where | supp(a;) U x| = 2|A|. Since | supp(6t;)| = 2|A|, their 

number is ( ^^j,] = }.^}]. This ends the proof of equation ([T5]). 

V|A|-|A|y \mi{X)J 

By applying ipn to 5a,„, we get: 



2"-l^l(n - lAl)! V 

1 (n- |A|\ , . 



2"-l^l(n - [AI)! V"^i('^), 

□ 

This lemma implies that C C[Bn/S2n\Bn]- The morphism — )• C[f?„/52n\'S,t] mentioned 

in Section [23] is the morphism ipn 



3.4. Morphism from An+i to An- This paragraph is dedicated to prove the following proposition: 
Proposition 3.11. The function ipn defined as follows: 

V'n • ^ An 



'A,n+1 



1-^ 



j^^^f^Sx,n if IA|<n+l, 
if |A| = n+l, 
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is a morphism of algebras. 



Let Sx^n+i and Ss^n+i where |A| < n + 1 and \5\ < n + 1 be two basis elements of An+i- 
If A (resp. 6) is a partition of n + 1, then ipn{Sx,n+i) (resp. ^niSs^n+i)) is equal to zero, and by 
Corollary I3.9l we have: 

<Sx,n+l * = ^ c{g{n + l)5p,„+i. 



p partition 
p|=n+l 



The size of partitions p indexing the sum in this equation is n + 1. By applying cpn, we get: 

fn{Sx,n+l * <Ss,n+l) = ^ C^xsi'^ + '^)fniSp,n+l) = 0. 



p partition 

|p|=n + l 



Thus in this case we have ipn{Sx,n+i * Ss,n+i) = ^n{<Sx,n+i) * ^n{<Ss,n+i) 
In the other case (|A| < n and \6\ < n) we have by Corollary 13.91 

Sx,n+1 * <S5,n+l = ^ C^xsi"^ + l)'5p,n+l- 

r < + 1 

phr 

This gives us the following equation after applying ipn- 

( 



r <n + l 

phr 



r <n 
phr 



(n + 1 



In the other hand, we have: 



n + l 



Sx,n * 



n+l 



(n + l-|A|) (n + l -1^1) 

" + 1 n + l p 



r <n 
phr 



Thus, ^pn is a morphism if we have the following equality for any partition p with size less than n: 



n+l 



n+l 



CAj(?^+ 1) ^ (n+l-|A|) (n+\-\&\) 
Ca5(^) 



ra+1 



(n+l-|p|) 



Let /9 be a partition with size less then n and a an element of „. We define H'^^{n) to be the following 



set: 



{(«!, 02) € ^A,n X M,n such that there exists (ai, 02) G E2'^{n) with a = ai o 02}. 



This set depends on a by definition. However, a does not appear in our notation. This should not be an 
issue, since a is fixed in the whole proof. 

The coefficient c'^^in) can be written as follows: 



E 

(ai,a2)G/f^,{n)' 



1 
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Similarly, we have: 

By equation (01), if (ai, 02) S -H"^ g{n), we have: 

= 22|PH^I-I^l(n - |A|)(|,|_|,|)(n - |<5|)(|p|_|5|)- 
Similarly, if (qi, 02) € //^ ^(n + 1), we have: 

\E-lin + 1)1 = 22lH-|A|-|<5|(„ + 1 _ |A|)(|,|_|,|)(n + 1 - 

Thus, we get: 

,p = 

^ 22|pHAH5|(^_|A|)(|^l_|,|)(n-|5|)(|^l_|,|)' 

and 



-A^V- ' 22|phlA|-|5|(^ + 1 _ |A|)(|,|_|,|)(n + 1 - ' 

This gives us after simplification: 

c^,(n + l) _ |g^^(n + l)| n + n + l-H 

c^,(n) •n + l-|Arn + 1-151 

We will now evaluate the quotient ^-irrS-rrr- Let u = (ui, n'l , n2, n'o) be an element of such that: 

(16) n2 C 

(17) u[ C d', 

(18) l^il = |n;| = 2|A|, 

(19) \u2\ = \u'^\ = m, 

(20) |4Uni|=2|p|. 
We denote by 

Nu = {{hi = (/i,ni,n'i),/i2 = {f2,U2,U2)) G Aa,„ x 

such that there exists {hi, /12) € £'^^(n) with q = /ii o /12}. 

Its elements are represented on Figure |6] The set H^g{n) is the disjoint union of all with u satisfying 
the above conditions. 

Lemma 3.12. Let v = (f 1, f 1, f2, ^^2) he an element ofPfi satisfying conditions above. If v'l = u'l and 
V2 = U2> then there exists a bijection between and N^. 

Proof. We take any permutation b G Bn, such that b{ui) = vi and 6(1*2) = ^2- Such a permutation exists 
because U ni| = It'2 U vi\. We associate to a pair {hi, /12) in N-a the pair {{id, h) •hi, {b, id) • /i2)- 
We check that the image lies in A'^^ : 

{{id,b) •hi,{b,id) •h2) = 6(^1), u'l), (6/2, -"2, ^(ua))) 

= {{flb^^ ,Vi,U^),{bf2,U2,v'2)) G ^A,n X 
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a 



fi 




Figure 6. Schematic representation of elements of 



We can check easily that ((id, b) • hi, {b, id) • /12) € ^(id'b)*hl ^^'^ have: 

{id,b)»hio{b,id)»h2 = (7i6"\ 6(ul), u^) o (6/2, SJ, 6(^)) 

= {fib~^bf2,U2,u[) 

= /li O /l2 

= a. 

It is then easy to check that this defines a bijection between and ■ Details are similar to Lemma lX6l s 
proof. □ 

Therefore the cardinality of Nu depends only on u[ and U2. We denote it by f{u[, U2). If we denote 
by U the set of vectors u G satisfying conditions (fT6l ) to (l20l ). the set H^g{n) can be written as 
follows: 

H'xsi^) = U 
net/ 

Using Lemma [3.12[ we obtain: 



The first (resp. second) summation indexes are vectors u[ and U2 (resp. ui and ^2) satisfying conditions 
([T6l ) to CD (resp. ([TS] ) to (l20l)). Since A'^it depends only on u[ and U2, we get: 

I^A^NI = E fiu'l,U2)kn, 

where kn is the number of possible choices of vectors ui and satisfying conditions (ITSl) to (l20l ). There 



are 



1"^, ) sets ui G that fulfill ([TSll. Once ui is chosen, it remains (i^, i"^! , , ) • ( ^, ^j^J 
A| y \ |A| + \d\ - \p\J \\p\ - \A 



ways to choose U2 with conditions (fT9l ) and (l20l) . The first binomial is the number of possible choices of 
ui n U2 and the second one is the number of possible choices of u'2 \ ui. Then, we have: 

n\ (n-\\\\ ( \\\ 
\A \\P\-\A '\\A + \S\-\P\ 



h 



STRUCTURE COEFFICIENTS OF THE HECKE ALGEBRA OF {S2„,B„) 



17 



Thus, the cardinaUty of H^g{n) is: 



The summation index does not depend on n because u'l and U2 should fulfill conditions (fT6l) and (fTTl ). 
Similarly, we obtain: 



which gives us: 



fn + l\ /n + l-|5p 



Thus, we have: 
(21) 



I^A^WI fn\fn-\S\\ n + l-|p|' 



(f)^g{n + 1) n+l n + 1 — \p\ n + 1 — \p\ 



c^xsi''^) n + l — \p\ n + l — |A| n + l — |5| 

n+l n+l 

_ (n+l-|A|) (n+l-|<5|) 
~ n+l 



(n+l-\p\) 

This proves that ipn is a morphism of algebras. 

3.5. Projective limits. In this paragraph, we consider the projective limit of the sequence [An)- 
We prove in Proposition I3.15l that every element of Aoo is written in a unique way as infinite hnear com- 
bination of elements indexed by partitions. 

First, from equation (|2n) . we can get the following Corollary: 
Corollary 3.13. Let A, 5 and p be three partitions such that 

max(|A|,|(5|) < \p\ < |A| + \S\. 

For every n > \p\, we have: 

n \ I n 



'^',)(® (iH 

Proof. We proceed by induction on n. For n = we have the equality. Assume we have the equality 
for some n > \p\ and let us prove it for n + 1. By equation (|2TI ). we have: 

p / , 1 N n+l n+l 

Ca5(^ + 1) ^ (n+l-|A|) (n+l-|g|) 
ffi („\ n+l 
C\5{^) (n+l-|p|) 
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This gives us the following equality, using the induction hypothesis : 

n \ I n 



rP(„^U - ^A^(IpI) \\^\) \\^\) («+HA|) {n+t- \5\) 

" ' '1.1) (1?!) ■ ■ ^ 

n + 1 \ (n + 1 



n+l 



□ 



Let be the projective limit of {An-, ^n)'- 

A.QO — {(On)7i>l 

I for every n>l,an £ An and v3„(a„+i) = a„}. 
Lemma 3.14. An element a = [an)n>i is in Aoo if and only if there exists a family (x'^) \ partition of 
elements ofC such that for every n > 1, a„ = , S\ n- 



X 

A partition I 
|A|<n \ \\\ 



Proof. Let a = (a„)„>i be a series in Aoo, o,n S An for every n > 1. By the Proposition 13.81 the 
elements {Sx^n)x\-r<n form a basis of An, thus for every n > 1 and every partition A such as |A| < n, 
there exists a scalar ax{n) € C such that 

On = ^ axin)Sx,n- 

A pailition 

|A|<n 

The condition (/?„(a„+i) = a„ can be written as follows: 

/ ^ 

^ ax{n + l)Sx,n+i \ = ^ ax{n)Sx,n- 

VA partition / A paititioii 

A|<n + 1 / |A|<n 

Using the definition of ipn, we can simplify this equality to obtain: 

^ ax{n + l) ^^^^ .^. Sx,n = Yj «A(n)5A,n. 

A partition ' ' A partition 

|A|<n |A|<n 

By considering the coefficients of Sx,n we get that for every partition A such that |A| < n, we have: 

ax{n + 1) n + 1 — [Aj 
ax{n) n + l 

After an immediate induction, we get : 

«a(|A|) 



ax[n) 



Set = aA(|A|), this proves the "only if" statement. Converse is obvious. □ 
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For every partition A, we define the sequence Tx as follows: 

'0 if n < |A|, 

T\ = {Tx)n>l = 
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1 S 
n 

A| 



X,n 



if n>|A|. 



From Lemma |3.14[ we can directly obtain the following proposition: 

Proposition 3.15, Every element a € Aoo is written in a unique way as infinite linear combination of 
elements Tx- 

This proposition shows that the algebra Aoo satisfies the second property required in Section 12.51 In 
particular, Tx * Ts writes as linear combination of elements Tp. We can be more precise. 

Corollary 3.16. Let A and 5 be two partitions, there exist unique constants b^c such that: 



Tx*Ts 



p partition 
max (|A|,|(5|)<|p|<|A| + |i 



Moreover 6^^ 



In particular, it is a non-negative rational number. 



Proof. By Proposition 13.151 Tx * writes as linear combination of elements Tp. It remains to prove 
how we get the conditions about the size of partitions p that appear in the sum index and the formula of 

If n < max (|A|, \5\), we have: 

{Tx * Ts)n = 0. 

Let n > max ([A[, \d\), we use Corollary 13. 9 1 and Corollary l3.13l to get: 



(Tx * Ts)r 



E 



. \P\ \ \P\ 
p partition j ' i / ' 

c(|A|,|i|)<|p|<min{|A| + |5|,n) \ |A 



E 



p partition 

ymax(|A|,|5|)<|p|<|A| + |5| \ |A|y V I I / / 



'ism 
\p\\ (\p\ 



E 



p partition 

^max(|A|,|<S|)<|p|<|A| + |i 



This proves our proposition. 



□ 
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Example 3.1. We compute in this example the product T(2) * ^(2)- Using Corollary \3.16\ we can write, 
T{2) * ^(2) = X] ^{2){2)'^P' which gives us: 



p partition 
2<\p\<4 

T(2) * T(2) = ?'(2)(2)^(12) + ^(2){2)^(1^) + ^(2)(2)^{1*) 

, , (2) „ , ,(2,1) rr , A'^A'^)rr , a(2^) ^ 
+»(2)(2)^{2) + 0(2){2)^{2,1) + 0(2)(2)^(2,12) + »(2)(2)^(22) 

+^(2){2)^(3) +^(2){2)^(3,1) 

+V)(2)^(4)- 

The formula for b^^ given in Corollary \3. 16\ shows that these elements can be computed using the product 
o/5(2),|A|+|5| * '5(2),|A|+|(5| in -^|A|+|5|. which is A4 in our case. 

Using Sage program [Sag] , we get the following equation for the product 5(2),4 * '^(2),4 in A^: 

<S(2),4 * '5(2),4 = 965(12)^4 + 485(2),4 + 365(3)^4 + 125(22)^4. 

Using formulas ofc^^^{\p\) given in Corollarv \3. 1 3\ and b^^, we obtain: 

T(2) * Ti2) = i6r(i2) + 8r(2) + 4r(3) + ^7'(22)- 

4. Proof of Theorem 2. 1 

In the previous section, we built all algebras and morphisms that we need in order to prove Theo- 
rem [ZT] 

Let A and 8 be two proper partitions, by Corollary 13.161 we have: 



p partition 

max(|A|,|«l)<|p|<|A| + |i| 



Recall that this is an equality of sequences. Taking the n-th term, we have: 

n \ n\ ■^-^ / n \ 

p partition 



|A|/ max{|A|,|51)<lp|<mm{|A| + |i|,n) I |p| 

By applying ipn we obtain (see Lemma [3.10l ): 



2"-l^l(n- |A|)! ' 2"-l^l(n- 



n \ n 



max {|A|,|(5|)<|p|<min (|A| + |<S|,n) 

After simplification, we get: 



.U.. r"l2'.-lrt(„-M)A""<'''-' 

<|p|<min(|A| + |5|,n) \\p\J 



p partition I I I I 

max {|A|,|it)<|p|<min {|A| + |i5|,n) 

Fact. Any partition p such that |p| < min (|A| + \6\,n) can be written in a unique way as p = r U (P), 
where r is a proper partition and j < min (|A| + \5\,n) — |r|. 
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Using this fact, the product can be written as follows: 

Kx{n) ■ Ks{n) = ^ als{n)Kr{n) 



T proper partition 
|T|<min(|A| + |<5|,n) 



where 



min (|A| + |(5|,7i) — |t| 

(22) alsin) = J2 ''^n!(n - |r|),(|r| + j)|.|2"+l-l+^--|^H^I 



|a|+|5|-|t| 



2"n! 



E feir^(n-|r|),(|r|+,)M2l^l+^-- 



The change of sum index in the last equality comes from the fact that if n < | A| + we have: 

(n — |t|)j = for any j with n — |r| < j < |A| + \S\ — \t\. 
This ends the proof of Theorem 12. II 

Corollary 4.1. If X, 6 and p are three proper partitions such that \p\ = |A| + \8\, then: 

Example 4.1. We recall that the product T(2) * T(2) has been computed in Example \3.1\ We deduce from 
it the complete formula for the product K(2) (n) • K(2) {n)for every n > 4 . U sing formula (1221 ). we have: 

i^(2)(n) • i^(2)(n) = 2'^n!n(n - l)Kf^{n) + 2"n!i^(2)(n) + 2"n!3K(3)(n) + 2"n!2K(22)(n). 
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